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Abstract 

We investigate various aspects of higher-spin anti-de Sitter supergravity in three dimensions 
as described by Chern-Simons theory based on the finite-dimensional superalgebra sl(N\N — 
1), with the particular case of iV = 3 as our prime example. This class of theories serves as a 
natural supersymmetrization of the higher-spin gravity theory based on sl(N) Chern-Simons 
theories. We demonstrate explicitly that the asymptotic symmetry algebra contains the 
M = 2 superconformal algebra in each sector. The appropriate Killing spinor equations are 
derived and used to classify existing and new classical solutions. We also discuss holonomy 
conditions, higher-spin black holes and conical defect spacetimes in this class of theories. 
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1 Introduction 

Higher-spin gravity in various dimensions, as introduced in the seminal papers |lj and [2J, 
has recently gathered much interest because, among other reasons, it appears to furnish a 
relatively more manageable context to understand principles of holography as compared to 
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say, a full-fledged string theory. In four dimensions, many insights have been gathered from 
a conjectured duality [31 H] between higher-spin gravity in AdS^ and O(N) vector models^ 
, which recently inspired proposals to understand a higher spin realization of dS/CFT by 
analytically continuing bulk and boundary correlators in the AdS^ case [6]. 

In three dimensions, consistent higher spin gravitational theories can be written down 
with only a finite number of higher spin fields [7\. These massless gauge fields are higher spin 
counterparts of the topological graviton in three dimensions. Recall that in ordinary gravity, 
as first pointed out in [8] and [9], the Einstein- Hilbert action (with a negative cosmological 
constant) in three dimensions can be written as the difference between two Chern-Simons 
actions, each equipped with a sl(2) gauge algebra§. 

The global degrees of freedom arise from the boundary excitations of the bulk fields, 
and a Brown-Henneaux analysis [H] reveals left and right-moving Virasoro algebras as its 
asymptotic symmetry group. A natural generalization is to replace the si (2) with sl(N) for 
some positive integer N > 2. This yields a class of higher-spin gravity theories, with the two 
copies of Virasoro algebras enlarged to two copies of Wn algebras. One can take a certain 
large N limit to obtain hs [A] © hs [A] Chern-Simons theory with Woo [A] as the asymptotic 
symmetry algebra, with A being a deformation parameter of the infinite-dimensional higher- 
spin algebra. Of prime motivation to us, in this paper, is a holographic duality due to 
Gaberdiel and Gopakumar [15j, that relates this theory coupled to a complex massive scalar 
to a class of CFTs defined on the boundary. 

Let us now briefly summarize the salient points of this duality conjecture^). In the bulk, 
we have an infinite tower of higher-spin fields coupled to a complex scalar of mass-squared 
M 2 = — 1 + A 2 . The dual CFT is conjectured to be a 't Hooft limit of the Wat minimal coset 
model of the form 

su(N)k © su(N)i N 

k, N -> oo, A 



su(N) k+1 ' " ' k + N 

with the 't Hooft parameter A fixed. This duality conjecture relies on how the W-algebra 
dictates the representation theory of the minimal CFT in the above limit [17], and even 
at finite N and k, it is strengthened by a recently observed isomorphism between quantum 
Woo [A] with three distinct A [TB] . Some evidence for it includes: the one- loop determinant of 
the gravitational sector being equal to the vacuum character of Wat [18] and the matching 
of bulk conical defect solutions to light states of the CFT [Tj5] . 

Supersymmetrization of this duality conjecture has also been most recently discussed. 



Most recently, [5] proposes some string-theoretic realizations. 

2 Taking the sum instead of the difference leads to topologically massive gravity [T01 [TT] of which higher- 
spin analogue is studied in [TJ1 [13] . 

3 We shall follow the latest paper by the two authors in [16] which proposes to refine some aspects of the 
original conjecture in |15) . 
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Let us very briefly mention some recent progress. In [20l[2T] , the gauge algebra s/is[A]®s/is[A] 
is considered and the proposed dual CFT is the 't Hooft limit of the super-coset Af = 
(2, 2) two-dimensional Kazama-Suzuki model. In particular, the vacuum character of the 
Af = (2, 2) Woo [A] algebra was computed and checked to agree remarkably with the massless 
sector of the bulk partition function. In [22], the authors considered quite generically (N, M)- 
extended higher-spin AdS^ SUGRA and analyzed their asymptotic spacetime symmetries, 
paying particular attention to shs(N\2)(Bshs(M\2) gauge algebras,^ They demonstrated (see 
also [23J) that the asymptotic symmetry is enhanced to some (N, M)-extended super- Woo [A] 
nonlinear superalgebra. 

In this paper, we will take some modest steps in understanding Af = (2, 2) higher- 
spin AdSs SUGRA as described by Chern-Simons theory based on the finite-dimensional 
superalgebra sl(N\N — 1) © sl(N\N — 1). This class of theories serves as a natural su- 
persymmetrization of the higher-spin gravity theory based on sl(N) © sl(N) theories. It 
has some possible relevance for a supersymmetric version of the Gaberdiel-Gopakumar con- 
jecture, as was first pointed out recently in |20j. The supersymmetry of the higher-spin 
gravity theory constructed here is defined by the osp(2\2) superalgebra that is present as 
a sub-superalgebra. We derive the appropriate Killing spinor equations, and classify both 
existing and new classical solutions we found, based on the number of real Killing spinors 
preserved. Another closely related development is the study of higher-spin black holes in 
sl(N) and hs [A] Chern-Simons theories, as was first presented in [21], [2S] and [26] . These 
black holes (see also [2Z] for some details in the s/(4) case) are characterized by a trivial 
holonomy along the Euclidean time-like direction, and they exhibit some rather remarkable 
integrability conditions that enable one to write down sensible black hole thermodynamical 
laws, and even reproduce their classical partition function from the dual CFT. In this paper, 
we will pay some attention to holonomy conditions and briefly discuss higher-spin black holes 
in the sl(N\N — 1) theories. 

The outline of this paper is as follows: in Section [21 we review the basic formulation of 
higher-spin gravity in the framework of Chern-Simons theory based on sl(M\M — 1). We 
review the group structure in the 'Racah' basis which we find to be most convenient. In 
Sectional we carry out a standard analysis to recover the Af = 2 superconformal algebra from 
the asymptotic spacetime algebra, in the process, performing a Sugawara redefinition of the 
energy-momentum tensor. In Section HJ we derive the appropriate Killing spinor equations 
by considering a particular gauge symmetry, and then classify these classical solutions based 
on the number of real Killing spinors preserved. We also construct new classical solutions 
which are natural supersymmetrization of the black holes and conical singularities of the 



4 In the notation of [52], shs(2\2) algebra generally refers to the undeformed s/is[A] algebra that is referred 
to in this paper and |20j . i.e. taking A = \. 
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corresponding sl(N) theories, and briefly noted some differences with the sl(N) case. Finally, 
in Sectional we extend our results to sl(N\N — 1) theories for a general finite N (also briefly 
discussing the infinite-dimensional s/is[A] superalgbra case). In Section HI we summarize the 
main results of our paper and suggest some future directions. 

2 Higher-spin supergravity and Chern-Simons theory 
based on sl(N\N — 1) superalgebra 

2.1 General remarks on higher-spin AdS% SUGRA as a Chern- 
Simons theory 

Below, we review some basics of ordinary and higher-spin anti-de Sitter SUGRA based 
on Chern-Simons theory, mainly following the introduction in [22]. There are two ba- 
sic requirements of the superalgebra associated with an Ad S3 SUGRA: (i) it contains an 
sl(2, R) © sl(2, R) as a sub-algebra, and (ii) the fermionic generators transform in the 2 of 
the si (2). This condition is satisfied by seven classes of superalgebras (see table 1 of [22]. In 
this paper, our main interest lies in a higher-spin counterpart of osp(2|2,R) © osp(2|2,R), 
which belongs to the general class of osp( N\ 2, R) © osp(M\2, R) Chern-Simons theory (these 
are SUGRA theories which have M = (JV, M) supersymmetry). 

In the non-supersymmetric consistent higher spin gravity can be defined as a 

sl(N, R) Chern-Simons theory which includes higher spin gauge fields up to spin < N. In a 
particular N — > oo limit, the gauge algebra becomes an infinite-dimensional hs (2, R) algebra. 
Supersymmetrization of this construction was first discussed in [22] in which the infinite- 
dimensional superalgebra shs(N\2,'R) © shs(M\2, R) is studied as the higher-spin extension 
of osp(iV|2,R) © osp(M\2, R). The first can be represented as the quotient of the universal 
enveloping algebra of the latter by a certain ideal. 

In the framework of Chern-Simons theory, supersymmetrization implies among other 
things, that the Lie algebra is replaced by suitable superalgebras, along with the supertrace 
in place of the ordinary one. In this paper, we will study the particular case of sl(N\N — 1) 
superalgebras as the higher-spin gauge algebras, with N = 3 as our main example. We 
should remark that sl(N\N — 1) is not a consistent truncation of s/is[A] in the sense that it 
is not a subalgebra of the latter. Indeed, the only non-trivial sub-super algebra of s/is[A] is 
osp{2\2). Nonetheless, sl(N\N — 1) contains s/(2|l) ~ osp{2\2) as a sub-superalgebra, and 
further there is a well-defined analytic continuation procedure to send it to s/ts[A]. This 
situation appears identically in the sl(N) case. As noted in [28], si (3) cannot be obtained 
as an algebraic truncation of /is [A]. However, if we force terms valued in higher spin fields 
of spin greater than two to be zero by hand, then the truncated algebra is isomorphic to 
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sl(3). We are interested in sl(N\N — 1) as a higher-spin SUGRA theory which is a natural 
supersymmetric generalization of the sl(N) higher-spin theories. 

Another important relation which we will discuss further is that to super-W algebras. 
As is well-known, the Drinfeld-Sokolov Hamiltonian reduction procedure, when applied to 
WZW models, takes affine sl(2) current algebra to Virasoro algebra. Generalization of this 
method has been recently used to explain how WV and Woo [A] can be obtained from affine 
sl(N) and hs [A] algebras respectively, in the context of higher-spin gravitational theories. 
Supersymmetrization of this computation was done in [22J. In this paper, although we do not 
explicitly carry out the full computation to obtain the classical Af = 2 W3 algebra (see [2H] 
for the full quantum Af = 2 W3 algebra and [30] for the classical algebra), in Section [31 we 



shall truncate some of the gauge fields to recover the Af = 2 superconformal algebra, and in 
the process, compute the Sugawara redefinition of the energy-momentum tensor. We should 
note that for non-higher spin supergravity theories, the relationship between superconformal 
algebras and asymptotic dynamics has been explained elegantly in the nice work of [31] for 
the finite-dimensional gauge algebras, and the Hamiltonian reduction procedure explained 
in [32]. 

In the ordinary case of osp(N\2) gauge algebra, the odd-graded generators are funda- 
mental spinors of s/(2) and vectors of so(N), while the even-graded ones consist of the sum 
of sl(2) and so(N) generators. In particular, the N = 2 case is important for us due to 
the isomorphism osp{2\2) ~ s/(2|l), the latter being a sub-superalgebra of sl(N\N — 1). 
Henceforth, we will pay attention to the N = 3 case. The Killing spinor equations were 
solved for a number of classical backgrounds, and global Ad S3 and the massless BTZ black 
hole [33] arise as the Neveu-Schwarz and Ramond vacua of the theory. The supersymmetric 
higher-spin theories based on sl(N\N — 1) gauge algebra will have Af = 2 supersymmetry in 
either/both chiral sectors of the Chern-Simons theory, due to the osp(2\2) sub-superalgebra. 

2.2 About sl(N\N - 1) in the Racah basis 

Now, the general sl(N\N — 1) element can be decomposed as [31] 

tiV-l \ /N-2 \ /N-2 \ 

0ff W U © ? W ®2x (2-1) 
s=2 J \s=0 / \s=0 J 

where g( s > is defined as a spin-s multiplet of sl{2). This is one less than the conformal or 
spacetime spin§. Hence, for example, for s/(3|2), the even-graded sector will consist of three 
sl{2) generators, five spin-2 generators, one abelian gauge field, one spin-1 field, whereas the 
odd-graded part consists of two copies of a spin-1/2 multiplet and a spin-3/2 multiplet. 



3 From now on, by 'spin' we refer to the sZ(2)-spin unless otherwise stated. 
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In this paper, we take the action to be the difference between two super-Chern Simons 
action at level k, 

S CS [T, f] = A J str (v A dY + |r A F A T^j - A ^ str ff A df + jjf A f A f ^ (2.2) 

where 'str' stands for the super-trace, and T(chiral sector) and T(anti-chiral sector) are the 
connection one-forms valued in the elements of the superalgebra. When the higher-spin 
theory is cast as a Chern-Simons theory, it is essential to specify how the gravitational si (2) 
sector is embedded in the gauge algebra. For example, in the sl(N) case, Chern-Simons 
theory based on the gauge algebra sl(N) can realize physically distinct higher-spin theories 
arising from inequivalent embeddings of si(2)J§ Demanding that the gravitational sl{2) is 
part of the osp(2\2) superalgebra, we can work in the so-called 'Racah' basis to write down 
the commutation relations that are more suited for us to identify the physical interpretation 
of various fields. We will leave explicit details of the matrix realization of the superalgebra 
to the Appendix 0> but now, let us summarize and review some essential points about the 
way we describe the sl(N\N — 1) in the Racah basis following [54"] . 

It is convenient to start from gl(N\N — 1) and obtain sl(N\N — 1) by quotienting out its 
center. The generators are Z2-graded by the usual Grassmann parity function: the bosonic 
ones we denote by T, U which generate gl(N) and gl(N-l) in (12.11) . and the fermionic ones by 
Q, Q which generate the half-integer spin multipletsJll The supercommutation relations read 
schematically (the structure constants are multiples of Wigner 6j-symbols (see Appendix 
ED): 

[T,T]~T, [U,U]~U, {Q,Q}~T + U (2.3) 
[T,Q]~Q, [U,Q)~Q, [T,Q)~Q, [U,Q]~Q. (2.4) 

In the notation of (12. ip . we denote T^, — s < m < s, to generate each g^ multiplet, and 
similarly for U, Q, Q. The identity matrix 1 = VnTq + y/N — IUq is the center, and after 
modding it out, we have sl(N\N - 1) ~ gl{N\N - 1)/1. 

Further for our purpose, we should re-define the generators such that we can form a 
basis for the sl(2) in (12.11) with all the other generators transforming under its irreducible 
representations. This is the gravitational sl(2) sub-algebra when si (2) is embedded princi- 
pally in s/(iV|iV — 1). Henceforth, we will allude to the specific case of iV = 3 as a concrete 
example. First, let us consider linear combinations of the T^, as follows 

L = (2^ + U]) , L ±1 = 2T l ±1 + U' ±1 , 

6 There can however be problems with unitarity for the non-principal embeddings as discussed in |35j . 
7 Formally, let the Grassmann parity function be P{T) = P(U) = 1 = —P(Q) = —P(Q), and define the 
supercommutator by [A, B} = AB - (-l) p ( A ) p ( B ) BA. 
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A = -j= (2^ - Ul) , A ±1 = 2T l ±1 - U l ±1 . 



4Ti 



W 



3 T ° 



U = -=T ° + — U° 



V3 U y/2 
which realize the even part of sl(3\2) as 

[Li, Lj\ = (i- j)L i+j , [Ai, Aj] = (i- j)L i+j , [L t , AA = (i- j)A i+j 
[Wi, Wj] = (2j 2 + 2i 2 -ij-8)x± (L i+j + A i+j ) 

[L^ Wj] = (2i - j)W i+j , [A, Wj} = (2i - j)W i+j . 



(2.5) 



(2.6) 



The generators Li form the basis for the total sl(2). Note that the commutator between 
the W's is the same as that in sl(3) but with A — > L. Indeed, the subset of generators 
{(Li + Ai)/2,Wi} forms the s/(3) algebra. Also, some commutation relations involving 
Q, Q, U and J m can be written as 



{Q^,Q^} = l -J a ( lal0 ) rs + ( 7 o) rs W , 



Uo, Qr^ — ~Qr 2 \ 
J 6 

~~ 2 (^ m )rs Q s ^ ' 



U ,Q 



(I) 



[J-rm Q 



(l)l 



— r Qr 2 , 
6 



2 l7m 



Q 



(I) 



(2.7) 

(2.8) 
(2.9) 



where r, s = — ^, ^ and we define 



2> 2 



■h = 


2(^1 + ^-1), 


Ji 








7o = 


(? "o 1 ) ' 71 


-(: 


/ 


-v/3 


\ 




-v 7 ! 








v 7 ! 


-Vs 


V o 


v/3 


/ 



1 

2 



J2 — £fl- 



72 



(!) 



-1 
1 



[J a , Je,] — 

[7a, lb] = ^abcY- 



7i = 



/ \ 

v/3 VI 

V% 

V v 7 ^ I 



, 7 ^ ) = 2[ 7o , 7l ] 



( ) 

where 7™ are spin-| matrix realizations of sl(2). Identical relations hold for the Q gener- 
ators. Thus, the fermionic generators Q, Q transform as irreducible sl(2) tensors. With the 
identification of the gravitational sl(2), we checked that the Chern-Simons level k can be 
identified as 

1 /nin , 



provided we normalize the supertrace 'str' = |(5^i=i — Y^i=A)^a where M is any superma- 
trix. 

3 Asymptotic spacetime symmetries 

3.1 On super- W symmetries as asymptotic spacetime symmetry 

In the following, we shall briefly discuss the asymptotic spacetime symmetry of s/(3|2) higher- 
spin SUGRA. This was initiated briefly in [20] ■ Our results generalize straightforwardly to 
the general sl(N\N — 1) cases. We begin by taking the manifold for the Chern-Simons theory 
(both copies) to be E x D 2 , with co-ordinates (p, (f>) and t E R. The radial co-ordinate is p 
and the boundary cylinder at infinite p is parametrized by x = t ± <fi. 

Consider the chiral sector (our analysis that follows generalizes straightforwardly to the 
anti-chiral sector). We can fix some of the gauge freedom by choosing 

r_ = 0, r + = e- pLo a(x + )e pL \ T P = L (3.1) 

where T± = T t ±T^. By imposing the boundary condition that we obtain an asymptotically 
AdS 3 space, one can write, in a 'highest- weight' gauge, 

a{x + ) = L x + CL^ + HW_ 2 + U U + Tv4_i + V+ Q\ + (p + Q\ + $+Ql + $ + Ql . (3.2) 

2 2 2 2 

It can be shown straightforwardly that such a gauge choice is still preserved by gauge trans- 
formations of the form 

A( x +) = e - pLo X(x + )e pLo (3.3) 

where the gauge parameter A is valued (with x + dependence in the components suppressed 
in notation) in the basis generators as follows: 

A = CL n + X n W n + a n A n + v U + ^ u&J + ^ a.Qf + ^ QQf 

i=-l I i=-L I i=-l 3 

2'2 2'2 2'2 

L ~ 2 '2 2'2 2'2 

Performing this gauge transformation at fixed time, the gauge connection a changes as 

5a = d^X + [a, A] (3.5) 

upon which we require that the form of the ansatz fl 3 . 2 H be preserved. This will lead to a 
set of constraint equations for the variations of various fields. At the boundary, the gauge 
transformations may generate a physically inequivalent state. These physical symmetries 
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are generated by boundary charges. From the Chern-Simons action, one can compute the 
classical Poisson brackets among these charges. 

In the non-supersymmetric case, this procedure yields the Wn algebras [36| 137] . Es- 
sentially, imposing the condition that we have AdS^ boundary conditions at infinity turns 
out to be equivalent to the Drinfeld-Sokolov reduction of the current algebra. In an iden- 
tical fashion, we can perform the same analysis in the supersymmetric case. We solve the 
constraint equations due to (13.51) and compute the variation of various fields. The various 
parameters are reduced to the following set of independent ones which we denote as 

?7, i = ^ [l \ X = X {2 \ a = a u i/_ = i/_i, v- = v_i,C- = C-§, C- = C-f - (3-6) 

The variation of various fields can be computed straightforwardly, but it is very cumbersome 
even for the case of s/(3|2). The OPEs can be computed straightforwardly because by the 
Ward identities, the fields' variations are identical to those generated via 

SO = 27rRes (J(0)O(O)) (3.7) 

where the Noether current J taking the form of 

J = — (££ + rjU + aT + *W + + + C-$+ + C-$+) • (3-8) 

The OPEs depend on the choice of basis and are sensitive to field/parameter redefinitions. 
To adopt the appropriate convention, it is natural to do so such that the Af = 2 super- 
Viraoso algebra can be obtained after a truncation. We will not explicitly carry out the full 
computation to obtain the classical Af = 2 W3 algebra (see [30] for the classical and [29] 
for the quantum Af = 2 W3 algebra), but in the next section, after truncating some fields, 
we recover the Af = 2 superconformal algebra, and in the process, compute explicitly the 
Sugawara redefinition of the energy-momentum tensor. 

3.2 Recovering the J\f = 2 super-Virasoro algebra 

As explained earlier, s/(3|2) contains as a sub-algebra, s/(2|l) ~ osp(2\2). Below, we demon- 
strate explicitly, as a consistency check, that restricting to fields valued in this subalgebra, 
we recover precisely the OPE relations pertaining to the well-known Af = 2 super-Virasoro 
algebra. This is the symmetry algebra that dictates the boundary degrees of freedom corre- 
ponding to bulk Chern-Simons fields valued in the s/(2|l) sector, as we shall shortly verify. 
In the following, we first present the relevant variations of the relevant fields <p+, <p+, C 



10 



and U. 

= l<p + g + tp'+Z + ^> + £ - + + C + ~Z/ + ^W 2 ) !/_ + \lAv'_ + ul + . . . , 

(3.9) 

5p + = l<p + ? + - + ^ + (h + C - l -W + hu 2 ^j v + ^Wz/ + tJ'_ + . . . , 

(3.10) 

5£ = + 2>ce' + a - + + ^*+) - ^+^- + • • • (3.H) 

5T = n + 2T£' + - + . . . (3.12) 

SU = rj' + (p+v_ — tp + i>_ + . . . (3.13) 

where we refer the reader to Appendix [C] for the ellipses which are not important for the 
following discussion. After some algebra, we found that the suitable field/parameter redefi- 
nitions are as follows (hatted variables are the new ones): 

c „ c _ 
= g^+, <P- = 3^ 

u = -—u, 

18 ' 

f = - ( C + -T + —W 

6 V 3 36 



n 



with c a constant which, as we shall see shortly, has the meaning of the central charge. Upon 
the above redefinitions, we found that (13.9p - (j3.13p can be written as (the ellipses refer to 
other terms unimportant for this particular computation) 

SU = C -f,' + U'S + U? + ■■■ (3.15) 
ST = -^C + 2T£'+T'£+ ••■ (3.16) 

S<f+ = ^ + C + 0' + ^ + + V+^--2Uu'_+{2f-U^^ + --- (3.17) 

60_ = + - <£_ t) + -*/ - 2Uu'_ + (2T + P_ • • • (3.18) 

The relevant Noether current which we denote as J s reads 

J a = — Uf + + u-<p-+u-(p + ) (3.19) 

and it generates the variations (j3.15p - (l3.18j) . Invoking Cauchy's residue theorem and (13. Tj) 
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c 2T 
2? + ^ + 


<9T 


(3.20) 


- + — 




(3.21) 


3^± d(p± 
2z 2 2 




(3.22) 


2c 2T ± 

3z 3 2 


2*7 <9f> 


(3.23) 


± £±(o) 

z 




(3.24) 


c 

3z*' 




(3.25) 



yields the following OPEs: 

f(z)f(0) , 
f(z)U(0) . 

T(Z)0 ± (O) r 

U(z)U(0) < 

From the OPEs, we see that the constant c can be identified as the central charge. One can 
expand the fields in terms of their Laurent modes 

n r n 

upon which the OPEs lead to the following commutation relations displayed below for com- 
pleteness. 

[L m , U n ] = —nUm+n 
[U m , U n ] = —cm5 m+n fi 

[Urn, 0r] = ±^m+r 

= 2L r+s ±(r-s)U r+s + ~(^r 2 -±)5 r+s , (3.27) 

We can immediately recognize f 13 . 2 T|) as the M = 2 super- Virasoro algebra. Apart from 
being a good consistency check on our computations, the above exercise demonstrates that 
the Sugawara redefinition of the energy-momentum tensor should read as 

t = 5( £+ i T + s" , ) = s*M (328) 

where the gauge connection a takes the form in (13.21) Fl Finally, we recall that the Af = 2 
superconformal algebra enjoys the following spectral flow as an automorphism 

Um -> U m + -ac5 mfi , 



n 



8 The second equality in ()3.28p relies on inserting a factor of 'i' in the generator Uq. As explained later, 
it turns out this is also required by a consistent reduction of this theory to osp(N\2) theories. 
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L m -»■ L m + aC/ m + -a 2 c5 mj0 . (3.29) 

o 

Later, we will see this automorphism manifest when we discuss some flat connections in 
the bulk Chern-Simons theory. A constant shift of the field conjugate to the generator 
Uq induces a phase shift in the Killing spinor, and modifies the energy-momentum tensor 
following f l3T28|) . 

4 Supersymmetry of s/(3|2) Chern-Simons theory 
4.1 A class of gauge transformations 

We now turn to the subject of deriving the suitable supersymmetry transformation laws 
for the s/(3|2) Chern-Simons theory. Our consideration below lies in the chiral sector, but 
applies equally to the anti-chiral sector. Now, the gauge connection T is si (3 1 2)- valued and 
parametrized as 

r = (e a + u a )j a + T i K i +uu + w n w m +^ ) Q^ ) + 4^0^ +^ (4.i) 

with 

K 2 = A , K 1 = ~(A 1 -A. 1 ), K = ±(A 1 + A- 1 ) . 

Also, we should relate the gravitational vielbeins e a and spin connection u a = ^e abc Ub c to 
the relevant fields in the other copy of Chern-Simons by setting 

f = (-e a + u a )J a + ... (4.2) 

Now, it is useful to begin by considering the invariance of the action under a gauge trans- 
formation that is valued in Q^\Q^ (in the notation introduced in the previous section), 
i.e. 

^-susy = ^rQr 2 ~\~ tsQs 2 (4-3) 

Then, the invariance of the action under 5T which reads 

5T = de susy + [r, e susy ] (4.4) 

is guaranteed up to total derivative terms. From (14. 4p . we can then compute the super- 
symmetry transformation laws purely from the superalgebra. This method relies on the 
coincidence that we can write the gravity theory as a Chern-Simons theory of which bulk 
action is gauge invariant, modulo total derivatives which may not vanish at the boundary. 
Equation (14. 4 j) can then be used to derive the supersymmetry transformation laws, based 
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on the sZ(2 [ 1) ~ osp{2\2) subalgebra, albeit a subtlety that involves the reality conditions 
of the fermionic fields. We note that when written in components, the kinetic terms read 
schematically as 

Ckin. = (e a + u a ) A d{e a + u a ) + 2(e a + u a ) A dT a + T a A dT a + U A dU + W m A dW m 
-^ ( ^7o A dip& - ip&y A dtp^\ (4.5) 

where the indices are contracted via the Killing metric of sZ(3|2), and 



7o = 



(° 








-1\ 








1 








-1 








V 











Now, there is a crucial yet subtle point that affects how one derives the supersymmetry 
transformation laws. We note that if ip and ip are independent, real Grassmann fields, then 
their kinetic terms are not real. As in the case of osp(N\M) Chern-Simons theories, one 
inserts extra factors of l V in the Lagrangian appropriately. 

In the following, we will keep track of these insertions by imposing suitable reality 
conditions on the fermionic fields ip as follows. 

] = ] = (4.6) 

We should note that the number of degrees of freedom involving ip remains the same, and 

(-) -(-) 

that the sub-super algebra generated by the generators L i} U , Q r 2 , Q r 2 closes, and can be 
identified as s/(2|l) ~ osp(2\2). More precisely, we find that these algebras are isomorphic 
upon the identifications (please see Appendix lAl for the generators of osp(2\2) displayed 
below): 

E ~ F ~ — H ~ 2Lq, 

Ji2~iW Q , Q&~--^(R± + iR±), Q®~-L(R£-iR±). (4.7) 

We note from (14. 7p that the matching between s/(2|l) and osp(2\2) involves changing the 

(i) 

reality conditions of the generators Uo and QS- These conditions ensure the reality of 

± 2 

the superysymmetric Lagrangian, since they generate appropriate factors of T in the co- 
efficients of the fermionic kinetic terms. Later, we shall use both (14. 6 p and (14. 4p to derive 
the supersymmetry transformation laws, but first let us consider the cases where the fields 
are truncated to those in osp(l\2) and osp(2\2) Chern-Simons supergravity theories. The 
s/(3|2) field content differs from that of the osp{2\2) case by the additional M = 2 multi- 
plet {T, W, ip( 3 / 2 ^}. The supersymmetry transformation laws for these theories have been 
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derived some time ago, and we want to re-derive them by using (14.41) and (14.61) . after setting 
the irrelevant fields in s/(3|2) Chern-Simons theory to vanish. This should serve as a good 
consistency check of our approach. 



4.2 On the supersymmetry of osp(l\2) and osp(2\2) Chern-Simons 
theories 

We begin with a comparison to osp(l\2) Chern-Simons theory [9j. This theory can be 
recovered after a truncation of the s/(3|2) theory, by setting 

W = T =U = ^ =^ ( i ) = 0, (4.8) 

= (4.9) 

To motivate (14. 9p . we set the fields conjugate to the generator Rf (see (14 .7p and Appendix 
|A|) to be zero and the fields conjugate to Rf to be real. After taking into account the overall 
trace normalization factor, we compute the action to be § 

s = / d * x ea A { duJa + l €abcUjb A wC ) + l €abc ^ A eb A e ") 

+# { ^7o A (d - i (e a + u a ) 7a ^ A i[>& (4.10) 

where the part consisting only of the vielbein and spin-connection one-forms is the usual 
Einstein-Hilbert action with a negative cosmological constant, and the fields are real. 
This, including the factor of i, is the action for osp(l\2) © sl(2) Chern-Simons supergravity 
|9]. From (jUJ and (g3D, we obtair@ 

5e a = ^e7o7> ( 5 } (4.11) 

= (d-^(e a + u a ) lc }je (4.12) 

where we have also taken e = — ie. We checked that (14.111) agrees with the supersymmetry 
transformation laws for osp(l\2) Chern-Simons supergravity as stated in the literature. Sim- 
ilarly, we can consider the osp(2\2) © sl(2) Chern-Simons theory where the u(l) gauge field 
U plays a role. Instead of (14. 8ft . we set 

W = T = = = 0, (4.13) 



9 We take the cosmological constant to be unity, and henceforth, rescaled all the fermonic fields, including 
the gauge parameters e and e by a factor of 

10 Since we are supersymmetrizing only a copy of Chern-Simons theory, 5e = ^SA. The spin-connection 
one-forms are treated as auxiliary forms. 



15 



U = iffi, ^ = iifj { ^\ (4.14) 

which is motivated by constraining the fields conjugate to Rf 2 and J12 to be real. This leads 
to the action 




where the fermonic fields are now complex, and thus possess twice the degrees of freedom as 
in the osp(l\2) case. We checked that this is indeed the action for osp(2\2) © sl(2) Chern- 
Simons supergravity [39] as stated in the literature. From (14.141) and (14. 4p . we obtain the 
supersysymmetry transformation laws to be 



We checked that (I4.16P is indeed the transformation laws for osp(2\2) Chern-Simons su- 
pergravity as stated in the literature [39J. We now proceed to derive the supersymmetry 
transformation laws for s/(3|2) Chern-Simons supergravity theory, based on ( 14.61) and (I4.4p . 
The results of this subsection vindicated the consistency of such an approach when the fields 
are truncated to yield osp{l\2) and osp{2\2) theories. 

We should remark that the equations for i/j^ in (14. 6p cannot be derived by seeking 
consistent truncations to the osp(N\2) cases since in the first place, they are absent in these 
theories. But, as we shall observe next, this relation can be easily motivated by the form of 
some of the equations that we obtain from (I4.4p . Finally, let us summarize our approach in 
the following. One starts with s/(3|2;M) superalgebra in deriving the Chern-Simons action, 
but then, insert factors of 'i' into appropriate parts of the Lagrangian by hand to ensure 
reality. Starting with (14. 6p can be viewed as a way to keep track of these changes. The results 
of this subsection showed that in each sector, when the multiplet (T, W, ip^) is truncated, 
this procedure reduces the sZ(3|2) theory to the osp{2\2) Chern-Simons theory. 

4.3 M = 2 supersymmetry and Killing spinors 

Upon substituting (14. ip and (14. 6p into (I4.4p . excluding the equations for in (14. 6p . and 
inserting factors of ! z' in the generators Uq and W m , we find the following supersymmetry 
transformation laws 




(4.16) 



(4.17) 



(4.18) 
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= (d + M-^(e a + u a ) + ^r a ^J lc }je (4.19) 

= {d-iU-~Ue a + u a ) + ^r a j la ^e (4.20) 

= (iW m v m + T a X a )e (4.21) 

5^(3/2) = (iW m 7] m -T a X a )e (4.22) 

5U = - (e t 7o^ { ^ ) + # }t 7oe) (4.23) 



SW m = -j= (i>&a m e + ^ ] a m e^j (4.24) 

Se a = -^(^-^(eV^^+^ToA) (4-25) 

5W m = --^= ^ { ^a m e + ^ ( 5) a m e) (4.26) 

5T a = ^P a e-^p a e, (4.27) 



where the field IA is multiplied by a factor of 6, and the field ip^ by a factor of \/| as in 
Section I4~2l for convenience. The non- vanishing elements of the 4x2 matrices (3,7], X, a are 



otfi _n — a? i is — —a,! 1 1> — —ot}_i _u — 1. q;, 3 2 i, — a? 3 _n — — ct.3 1 !. — — oc,_z j. 

v 2 ' 2' \ 2>2< l t -2>2<' ^ 2' 1> l -2'2' ^ 2' 2' ^2'~ 2> 2 ' 2 - 1 

\2 _ \2 2 ^ ■! ! /2 ! j a/2 

A (l,i) - A ( -i-|) - ~ ~ A (iD " Vf.-^) - V 3' " (5.-3) " Vil) - I"' 



X° - X° - 4 / 2 X° - x° - ^ 

A (|,i) - A (-|,-i) - V 3' (i-i) ~ A H4) ~ ~3~' 
1 ^sti{W m W n )a n , (3 a = -zh X a . 



Equation ( 14.22ft suggests we should look for a reality condition relating i/j^ and ^2) since 
e = ieK A simple observation tells us that imposing 

] = (4.28) 

throughout is consistent with (I4.2ip and ( I4.22p . This then completes the derivation of ( 14. 6p . 
We should recall again that this analytic continuation is accompanied by inserting T in the 
generators Uq and W m . Now, the Killing spinor equations can then be directly read off from 
fl4~T9]) - rt4T22] ) to be 

d + ilA - I ((e a + u a ) + la ] e = 0, (4.29) 



2 V 3 
17 



( i W m Vm + T a X a )e = 0. (4.30) 

As we shall observe later, if we demand all fields to be real-valued, (I4.30p presents a 
rather stringent condition on the higher-spin fields that are allowed for a non-vanishing 
two-component complex spinor e. These results apply equally to the anti-chiral sector. 



4.4 Solving the Killing spinor equations 

As a warm-up, we begin with an ansatz for a class of flat connections with the vielbein and 
spin connection as the only non- vanishing fields, 

T = (e p L 1 -Ce- p L^ 1 )dx + + L dp (4.31) 
f = - fe p L_i - Ce- p L^) dx~ - L dp. (4.32) 



In ordinary gravity where the gauge group is si (2) © si (2), the parameters £, £ are related 
to the ADM mass M and angular momentum J via the following equations 

C — — — r— , £=Z±±. (4.33) 
2k 1 2k v ' 

In particular, global AdSs corresponds to taking £ = £ = — \. Extremal black holes with 
positive J correspond to taking £ = 0, £ > 0, while those with negative J correspond to 
taking I = 0, C > 0. 

Consider the copy of Chern-Simons theory parametrized by flat connections T. The 
corresponding Killing spinor equations read 

(d + -e p 1+ + Ce- p ^)e = 0, (d p - ^ 72 j e = 0, d^e = 0. (4.34) 

where we have defined 

7± = I( To ± Tl ). (4.35) 
If we let the spinor e to be variable separable in p, x , then (14. 34ft gives us 

d\K = CK. (4.36) 



e id + K(x A 
ezK(x + ) 



This implies the following classification: for £ > 0, since K is a sum of hyperbolic functions 
which are not periodic in x + , there is no admissable Killing spinors. For £ = 0, K ~ c±x + +C2 
where Ci )2 are constants. We have to set c\ = to preserve the periodicity, and hence the 
Killing spinor preserved is of the form 

e c=0 ~ | e ° f ) ■ (4.37) 
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Finally, for negative C, we have 

K = c\ sin J + c 2 cos 



(4.38) 



These are periodic for \C\ = N 2 ,N G Z + and anti-periodic if \C\ = ( 2J ^ +1 ) 2 . In particular, 
if we restrict ourselves to £ > — j, then the only supersymmetric case corresponds to global 
Ad S3 which will have two linearly independent e's. Identical results hold for e, and thus the 
number of real Killing spinors preserved in each case is to be doubled. 

We can also supersymmetrize the other copy of Chern-Simons theory, and obtain similar 
results depending on the sign of L. We found that substituting (I4.32p into (14.291) amounts 
to switching 

x ± -> x T , 72 ->■ -72, 7± ->■ -7=f- ( 4 - 39 ) 
Instead of (14.371) . the Kiling spinors are 



e^K{x ) 
e~ 2d_K(x~ 



d 2 K = CK. 



(4.40) 



This implies that in the M = (2, 2) theory based on sZ(3|2) © sl(3\2), global AdS 3 (£ = I = 
— |) preserves 8 real supercharges, the massless BTZ preserves 4, and extremal black holes 
with non-zero angular momentum preserve 2. The generic BTZ with J 7^ M will break all 
supersymmetries. These results agree with those belonging to the case of osp{2\2) ©osp(2|2) 
Chern-Simons supergravity theories |40] . 

To be more general, given any x ± -component of the gauge connection T, it is straight- 
forward to solve for the form of any admissable Killing spinors as: 



cue 



A+x 



A- 



m + m ± \ m\rriQ + m + m_, 




A-x 



A_ 



mi 



e l + u l + -T 

-_> 



± 



(4.41) 
(4.42) 



with a, f3 being arbitrary complex constants. The remaining spinor equation (I4.30p constrains 
the Killing spinors to lie within the null-space of the following matrix of one-forms W m and 

( -iW- 1 + 2T- 1 -4iW~ 2 \ 
i)Ajo _ T o 

V 4iW 2 iW 1 + 2T 1 / 

This turns out to be highly restrictive on the fields W and T in the gauge connection, apart 
from the periodicity conditions that one should further impose on the spinors in (I4.4ip . 



fzw- 1 + r- 1 

-iW° - T° 



(4.43) 
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4.5 On the u(l) gauge field 

As mentioned earlier, it is well-known that M = 2 superconformal algebra admits an auto- 
morphism, with the spectral flow generated by the zero mode of the u(l) field. We expect to 
find this automorphism symmetry in the bulk Chern-Simons theory. Let us first consider the 
chiral sector with a generic gauge connection T that contains only even-graded generators. 
It is easy to observe that a constant shift of the u(l) field component in the x + direction 

U U + 5U 

can be realized by performing a large gauge transformation 

r ->■ r + e -iSUU x+ de i5UU x+^ ( 4 44 ) 

since Uq commutes with all the even-graded generators. Also, as observed earlier, any Killing 
spinor attains a phase factor 

e -> e~ i5Ux+ e. (4.45) 
Similarly, for the anti-chiral sector, we have 

f -> f + e isa u ° x ~ de~ isQ UoX ~ , e ->■ e isUx ~ e. (4.46) 

From (13.281) . we can compute the changes to the energy-momentum tensor 

T ++ ->■ T++ + 25U + 5U\ T__ ->■ T__ + 25U + 5U 2 . (4.47) 

Starting from any generic solution with zero u(l) charge, one can generate a family of 
solutions. For supersymmetric ones which preserve Killing spinors, the u(l) charge is thus 
quantized as, in our choice of normalization, 

U G Z/2, U G Z/2. (4.48) 

It turns out that this quantization is also consistent with the requirement of a smooth 
holonomy. As an explicit example, consider the ansatz (14.311) and (14.321) . and recall from 
earlier discussion that for supersymmetry to be preserved, we require C < 0. This implies 
the existence of a family of supersymmetric solutions satisfying 

V^C| + U G Z/2, yJ\L\ + U G Z/2. (4.49) 

It is straightforward to check that imposing a trivial holonomy (more about holonomy con- 
ditions in the next section) along the ^-direction for this class of solutions yields both (14.491) 
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and (14 .48 p . Also, generalizing (I4.33p . the physical charges of mass (M) and angular momen- 
tum (J) read 

M = k(c + C + U 2 + W 2 ) (4.50) 
J = k (-C + C- U 2 + Z?) . (4.51) 

In supergravity theories that arise from type IIB string theory compactified on some 
internal space, the conical defect spacetimes in ordinary 3d gravity, with masses interpolating 
between AdS^ and the massless BTZ (i.e. in our notation, — j < C < 0), can be embedded 
as solutions and made supersymmetric by turning on the U(l) charge [4~T 1 l4"2l |4"3] . Here, they 
are also supersymmetric solutions in the higher-spin supergravity theories, but we note that 
the trivial holonomy condition will be lost. The solutions in (I4.49P correspond to conical 
surpluses instead, with C < — \. We will discuss more about conical defect spacetimes later 
in Section 15.31 



4.6 Holonomy conditions and higher-spin black holes 

In the sl(N) Chern-Simons theory, higher-spin black holes and conical defects are defined 
via holonomy conditions. For black holes, the holonomy along the Euclidean time direction 
is trivial whereas for conical defects, the holonomy along the angular direction is trivial. 
In the si (3 1 2) © sZ(3|2) theory, consider first the case where only the fields C, C survive. As 
shown in I4.3[ global AdS$ and extremal BTZ are shown to be supersymmetric solutions in 
the theory. As reviewed earlier, their corresponding gauge connection T can be parametrized 
as [L\ — £ L-i) of which eigenvalues of § T^dcj) read as 27r(0, \/£, —\/C, 2\/C, — 2v^C), with 
C = -1/4 for global AdS 3 . 

If we wick-rotate the time-like direction t — > —ir, and let the Euclidean time period 
(At) be such that the Euclidean manifold is smooth, then for the BTZ black hole, we have 
At = -?=. For thermal AdS% or the Euclidean BTZ, the holonomy along r-direction reads 



13x3 








— 1-2x2 



(4.52) 



We should note that although (I4.52p is not the center of s/(3|2), it is a central element among 
all group elements derived from exponentiating even-graded generators. To see this, we note 
that (I4.52p is a linear combination of the identity and Uq. On the other hand the holonomy, 
e /r# p OSSesses the eigenvalues (1, e 2ny ^, e' 2 ^, e i7Ty ^, e' 4 ^). In the limit £ 0+, the 
holonomy along the 0-direction becomes precisely the identity (the Euclidean-time direction 
becomes non-compact in this limit). This is the holonomy condition for the massless BTZ. 
An important result of [21] is that for sl(N) higher-spin black holes constructed in this 
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manner, the holonomy conditions coincide with the integrability conditions (which we shall 
review in a moment) that point towards the existence of a partition function containing the 
boundary source terms. 

To find appropriate generalizations of the higher-spin sl(3) black holes in the s/(3|2) 
theory, it seems natural to begin by considering an ansatz where r + is in the highest-weight 
gauge 11 !. Paralleling the approach in [21], we begin with 



T = b- l a(x + )b + b^db, T = 6a(ar _ )6- 1 + bdb' 1 (4.53) 

where b = e pL °, and 

a = (L x - £L_ X + HW_ 2 + TA-j.) dx + + ( ^ X Wi + Yl + J2 A * A *\ dx ~ 

\i=-2 i=-l i=-l / 

a = - - £Lx + VVW 2 + TAi) dx~ - ( ^ fcW-i + ^ + ^ Ai-i ) 



(4.54) 

In the above, the unspecified functions are functions of the boundary co-ordinates (x ). To 
furnish a prescription for bulk computations in the presence of source terms, the underlying 
principle is that the sources are associated with generalized boundary conditions for the 
various bulk higher-spin fields. Similar to the sl(N) story, we wish to propose that functions 
(£i, X2, Ai) are proportional to the sources in the putative CFT, and below, we will support 
this claim at the level of perturbation theory in the sources. This is done simply by comparing 
bulk field equations to the CFT's Ward identities, which will be performed explicitly below 
for the chiral sector. 

Now, the bulk field equations are just the conditions for a flat connection. For the 
ansatz (14.530 . it is straightforward to solve for the various functions in terms of products of 
derivatives of the following set (£, T, W, x = X2,£ = £,i,A = At), in particular, with the 
fields (£, T, VV) obeying the following differential equations. 

<9_T = -d$.A+2Cd + A + Ad + C + £d + r + 2Td+£-6Wd + x-4xd+W, ( 4 -55) 
d_W = 3W(d^ + d + A) + ^ + A)d + W + ^((C + T) 2 d +X + x(C + T)d + (C + T)) 

(4.56) 



L We set the abelian field U — for simplicity in this Section. 



22 



On the other hand, from the perspective of the boundary CFT, upon the insertion of the 
source terms in the Lagrangian, in the form 

d 2 x ( X (x)W(x) + A(x)T(x) + £(x)£(x) + x(x)W(x) + A(x)t(x) + f (z)£(z)) (4.57) 

the various expectation values of (£, T, W) will pick up the source terms due to the singular 
terms in the OPEs, as explained in pi] and reviewed in Section 13.11 We have assumed 
that the source terms are precisely the set of (£, A, x) in the bulk ansatz. To validate 
this assumption, we need to ensure that the OPEs among the fields belong to that of the 
M = 2 W3 algebra. To conveniently compare with the bulk equations f)4.55p . we first switch 
to Euclidean co-ordinates (z = it + <f), z = —it + <p), and perform the re-scaling for the fields 
in the bulk ansatz 

£ -+ a£,T -> pT, W -> 7W. (4.58) 
After some algebra, we find that ( I4.55P lead to the OPEs 

* \ /•% / \ 3 2£ d£ r\r* / \ r\/-^ / \ 3 f a\ ( 2£ d£ 

£(z)£(0) ~ — T + -T + — , T «)T(0) 



az 4 z 2 z ' /3z 4 \/3j \z 2 z 

£{z)W(0) ~ — + — , T(z)W(0) ~ — + — , W{z)T(0)~ + — 

W(z )m ~ (-1) (_ + — ) ^)T(O) ~ + -, T(,)£(0) ~ (- + 
.... ,..., n , 5 1 f d 3 (aC + pr) 9d 2 (a£ + PT) 15d(a£ + /3T) , 30(a£ + /3T) 

vv(2)W(0) ~ — - + — + — + 



7Z 6 67 \ 2 2z 2 z 3 z 4 

4 /2(a£ + /3T) 2 d{a£ + f3T) 2 ' 



37 \ z z z 

where in particular, we note the non-linear terms arising in the W(z)W(0) OPE. Indeed, 
we find that we can choose appropriate scaling parameters (ot, /3, 7) such that (14.591) are 
actually those of the Af = 2 W3 algebra restricted to the bosonic fields (excluding the U(l) 
field omitted for simplicity of discussion). For a precise comparison, let us adopt the basis 
of the super W3 algebra as constructed in reference [30]. We find that upon choosing 

a = p = -Try = - (4.60) 



c 



and re- defining 



T = -(£ + T), T=i(£-T), W = 2W, (4.61) 

the fields (T,T,W) generate the relevant OPEs in eqn. 19 of reference [20] • In particular, 
we have established that x acts as the source for the spin-3 field W. 

We now turn to the subject of constructing higher-spin black hole solutions, and inves- 
tigating if the integrability of the higher-spin charges are related to the holonomy condition 



23 



(I4.52p . Consider the same ansatz (14.541) but now with all the functions set to be constants. 
The connection now reads aJ^I 

a + = Li-CL- 1 --WW- 2 + TA_ 1 , 

(2W X + TA) L_i + UC - T) 2 X - \aw) W- 2 + X W 2 + 2 X (-£ + T) W 



- (-2W% + CA) A_! + AA 1 



(4.62) 



where, for simplicity of discussion, we have set £ - the source for C - to be zero. Apart 
from £, the parameter space of the ansatz consists of the fields W, T and their conjugate 
potentials x, A. 

What are the 'integrability conditions' ? Now, in the context of the solution as described 
in f)4.62p . the chemical potentials for the fields W and T read as 

{J>W = -rx, Mr = ~tA 

respectively, up to some normalization. The integrability conditions refer to the relations 

dC dW dC dT dW dT , t . 

(4.63) 



which is motivated by the existence of a partition function at the boundary that reads 
Z (r, fi m fi T ) = Tr (^K^+^+^r-rC+^W+^r) j 

where, for a static BTZ limit, the chiral and anti-chiral quantities are related as 

r = — f , /i W = —fiw, fiy = —fir, C = C,W = — VV, T = — T. (4.65) 

Let us now demand the holonomy to be that of (I4.52p and study its compatibility with 
(I4.63p . For the solution (I4.62p . after some algebra, we find that the five eigenvalues can 
be reduced nicely to the three roots of one cubic equation and the remaining two taking a 
rather nice form 

Eigenvalues = {±(A - 1)VC + T, Roots of x 3 - Bx + C = 0}. (4.66) 
where B, C are polynomial functions in {£, W, T, x, -A}, which read as 

B = -| (16£V - 3(1 + A) 2 T + 16x 2 T 2 + £(3 + 6A + 3A 2 - 32 X 2 T) + 18(1 + 2A) X W) 

(4.67) 



12 The factor of —1/2 was inserted in accordance with (|4.60[) . 
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C = 4 



256£ 3 x 3 - 144(1 + A) 2 X T 2 - 48£ 2 x(3 + 6A + 3A 2 + 16 X 2 T) - 27(1 + Af{-1 + 2A)W 



+432(3 + 2^)x 2 T>V + 48£x(6(l + A) 2 T + 16 X 2 T 2 - 9(3 + 2A) X W) - 128x 3 (2T 3 + W 2 ) 

(4.68) 

We now impose the BTZ holonomy condition by solving for the fields (£, W, T) in terms of 
inverse temperature r, and potentials A, X- The 'I2X2' factor in (14.521) gives us conveniently, 
from (gSHD, 

T= V-^r £(r ' Ax) ' (4 - 69) 

For the 'I3X3' factor in (I4.52p . the zero eigenvalue demands setting C — 0, which in turn 
gives us a quadratic equation for W. The other two eigenvalues of (±27ri) are then the roots 
of the cubic equation in (I4.66p . i.e. 

4tt 2 , 
B = -. 4.70 

Substituting the expressions for T and W into B in (14. 70 p . we can re-arrange the various 
terms to obtain a quartic equation for C. Although an analytic, closed form for £, is not 
manageable, we can perform a perturbative analysis to any desired order rather easily, and 
obtain C (and thus also T and W) as a Taylor series in (A,x)- Below, we present the 
expressions for the various fields and the free energy up to some order. 

.2 /in^4_2 o_2 a2 on^4 /i_2 iocn^6„4 oon„4„2 a2 p-_2 a4 



tt 2 407rV Sn 2 A 2 80tc 4 A X 2 12807ry 280tt 4 x 2 ^ 2 5ttM 4 

r 2 + 3r 4 + r 2 r 4 + 3r 6 + r 4 + r 2 



16tt 4 x 80tt 4 x^I 80vr 4 x^l 2 5120vr 6 x 3 5120tt 6 y 3 .4 560tt 4 x^I 3 
W = ~& 3^ + — ^ + ^7^ 3^ ST 4 " + ° (5) 



2tt 2 ^ 40tt 4 x 2 4tt 2 ^ 3 80tt 4 X 2 ^ 1280tt 6 x 4 280tt 4 x 2 ^ 2 „, rS 
= — ^ + — + — 3^ — + °&- 



(4.71) 



It can then be checked that the integrability conditions of ( 14.63P are indeed satisfied, and 
that free energy in (14.641) is integrable. Indeed, the free energy can be computed from (14.641) 
and (I4.7ip after taking into account the contributions from the anti-chiral sector, and we 
obtain 

InZ = -2k + ^ + ^ + + 40?r4 ^ +^$)+ Q(5) (4-72) 

\t 2 3r 5 t a 3r b r 7 r 5 / 

If further, as first proposed in [24], the entropy is defined via a Legendre transform of the 
free energy, then the first law of black hole thermodynamics is naturally satisfied. Our black 
hole solutions thus provide a concrete evidence that defining higher-spin black holes via 
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the BTZ holonomy condition, as originally proposed in the sl(N) case p4J [25], generalizes 
consistently to the sl(N\N — 1) theories. On the other hand, as briefly pointed out earlier, 
there exists a subtle difference with the sl(N) theories, since (I4.52p is not the center of the 
group. One may ask if imposing the supermatrix identity as the holonomy condition can also 
be compatible with the integrability conditions, for example, by taking C = — T in (I4.66p . 
and whether there exists a gauge in which we can find a smooth horizon. We leave these 
questions for future investigations. 

Finally, we point out that these solutions do not preserve supersymmetries due to the 
higher-spin fields they carry. In the next section, we will study a class of solutions that do 
preserve some amount of supersymmetry. It turns out that this requires us to strip off all 
the higher-spin fields except for the one conjugate to the lowest weight generator. 

4.7 Supersymmetric solutions with higher-spin fields 

If one demands the non- vanishing of any of the fields W = T = % = *4. = 0, then for the 
ansatz (I4.62p . (14.43)) implies T _1 = T = 0, which forces either W~ 2 = W = or the spinor 
component e 2 = 0, the latter condition fixing C = 0. Solving the other two spinor equations 
and adding the U(l) charge yields the following supersymmetric class of connections^! 

T = ( e p Li + 6U U ) dx + + pe 2p W 2 dx~ + L dp, (4.73) 

f = (-e p L_! - 6UU ) dx- - pe 2p W. 2 dx + - L dp. (4.74) 

Just as in the case of a vanishing p, demanding the holonomy e^ Td< ^ to be trivial turns out to 
be equivalent to (14.48 p . There is no additional constraint arising from the parameter p, but 
as in the non-supersymmetric theory, its non- vanishing implies that the metric grows as e Ap 
and is thus asymptotic to AdS% with half its original (p = 0) radius. Invoking the relation 

^ = ^ystr(e,-e,), e = ~ (v - f) , (4.75) 

we can compute the line element to be 

ds 2 = dp 2 - (e 2p + y/i/ie 4p + 2UL^j dx + dx~ + (u 2 dx\ + U 2 dx 2 _^j . (4.76) 

To ensure the correct signature at infinity, we impose the parameter constraint 

pp > 0. 



13 We note that this class of solutions is the RG flow solution of [25], carrying some U(l) charge. We thank 
an anonymous referee for his/her kind reminder. 
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Further, one can compute the spin-3 field Q ~ str (e • e • e) (in the absence of Li and IX) to 
read 

Q ~ e 4p (/2dx^ + jjdad) . (4.77) 

As explained earlier, this class of solutions preserves two real supercharges in each chiral 
sector. We should also remark that (14.731) and (14.741) can be further generalized to include 
a term ~ W<i in T + (and correspondingly another term ~ W-i m f-), but including these 
terms destroy the asymptotically AdS 3 condition. 



5 Extension of results to sl(N\N — 1) for a general finite 
N. 

5.1 On the Killing spinor equations 

Recall from equation (12.11) how the general sl(N\N — 1) element can be decomposed as 
a direct sum of sl(2) multiplets. In Appendix [UJ we present explicit expressions for the 
generators and commutator relations for sl(N\N — 1). Below, we shall briefly present some 
important points following [31]. The gravitational sl(2) is generated by L^, of which the 
other generators are irreducible representations of. They can be expressed as 



(5.1) 

while generates (another spin-1 multiplet of si (2)). The spin-0 sector (i.e. h^) is 
generated by 

U = Vnt° + VWTTu° (5.2) 



which commutes with all even-graded generators. Together with Lq,L±\, they generate the 

(-) -(-) 

even part of the sZ(2|l) sub-superalgebra, whereas Q r 2 and Q r 2 generate the odd part of 
it. To describe the other sectors, it is convenient to define 



rn ■ 



= , (AT + . + l)! / (N + s)l 

~ l/ (2s + l)!(JV-s)! m V (2s-l)!(iV-s-l)! 

V s = / (N + s + l)\ I (N + s)\ ~ 

m ~ y (2s + 1)\(N - s)\ m y (2s- l)\(N-s- 1)! m ' 1 ' 

which generate and h^ s \ s = 3, 4 . . . iV — 2 respectively. Finally, T^ _1 generate g^ N_1 \ 

In Appendix [Cj we collect the structure constants, which can be derived via intertwining 
properties of the Clebsch-Gordan coefficients. Just as we have demonstrated for the sZ(3|2) 
case, one can invoke (1C-2j) to derive the supersymmetry transformation laws. In particular, 
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we wish to write down the Killing spinor equation to classify the classical solutions. This 
relies on the commutation relations between {T^ =0, ■ , U^ ' 1,2 } and < Q r 2 , Q r 2 >, which we 
display below to be explicit. Consider first the commutation relations between the spin-0 
and spin-1 fields with the Q's. Keeping the same notation as for the s/(3|2) case, we denote 
the generators of the spin- 1 multiplet /i« by A = V£, we hav<0 



[U,Q { r h) ] = . / Q { )\ [U,Qi h) ] = . / (5.4) 

V /N(N + 1) v /iV(iV + 1) 

noting that the gravitational sZ(2) subalgebra is generated by L x m . This serves as a consis- 
tency check that the s/(2|l) sub-super algebra is embedded in the same manner. Using ( 15. 4p . 
we can write down the Killing spinor equation generalizing (I4.29P as 

d + i . } U - \ ( (e a + u a ) + (m^) T a ) 7a I e = 0. (5.5) 



y/N(N + l) 2 

We observe that it is essentially the same except for A^-dependent scaling constants which 
can be absorbed into the various fields. The other fields do not play any role here, basically 
due to a simple constraint imposed by the Wigner-6j symbols appearing in the structure 
constants in the relevant commutation relations. Recall that the Wigner-6j symbol 



s s s 
a b c 



unless s = \s' — s"\, . . . s + s" . (5.6) 



For the supersymmetry transformation laws, the index s' in ( 15. 6 p takes the value of |. Since 
(I5.5p is derived from the vanishing of 5ip^\ the index s" takes the value of | as well, and 
the relevant values for s are restricted to {0, 1}. Thus, (15. 5 p takes on essentially the same 
form as (l4T29|) . 

Similarly, for the analogues of ( 14 . 3 [) in the sl(N\N — 1) higher-spin theory, for each 
| < s" < 2N 2~ 3 , the vanishing of 5tp( s "^ induces a constraint equation that involves even- 
graded fields of spin index s = s" ± |. Hence, the equation ( I4.30p generalizes to a series of 
linear constraint equations (each labelled by s and r) of the following form 

E (d-vt 4 ' + <r»v£*> + ^r 4, 4'7' + v^c^) n = o (5.7) 



1 1 

" 2 ' 2 



The commutation relations between A and Q are identical, and thus omitted. 
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which ensures the vanishing of the rest of the fermionic fields other than i..e. 

x / W n 3 5 2N 3 I I 

where 77, £ are constant matrices that can be computed straightforwardly from the structure 
constants. We note that 

7?M = 0, C (N+h) = 0, (5.8) 

since [L^ip^] ~ ip^\ and the multiplets terminate at s = N — 2. Similar relations 
hold for the barred variables. 

We note that the above conclusions extend to the case of the infinite-dimensional algebra 
shs[X], since as explained in [34], the generators f)5.3p are those of s/is[A], provided we 
analytically continue the integer N to a positive real value A and abolish the restrictions to 
the index s. Further, there is a certain limit that involves taking iV — > 00, in which case 
we have a higher-spin gravity theory based on the infinite-dimensional algebra s/is[oo]q 
Essentially, we perform a redefinition of the generators as follows 

U m = N~ s+1 L s m , V£ = N- S V£, Q s m = N^Ql, Q s m = N l l 2 ~ s Q^ (5.9) 

Then, we take the limit iV — > 00 and further perform another step of redefinition 

( s - 1) 

-^m = L s m - V^, (5.10) 

noting that the gravitational sl(2) is generated by L^. In this limit, we can choose the 
generator Uq to be normalized as 

U = -Ll - 2^ ° 

and we check, using the new commutation relations obtained after this limiting procedure, 
that the Killing spinor equation (I5.5P is preserved and reads 

d + iU - i (V + u a ) + ^T a J 7 a) e = 0. (5.11) 

Thus, the supersymmetry classification of ordinary solutions like the BTZ remains the same. 
Like in the finite-dimensional gauge algebra case, one can derive straightforwardly the rest of 
the supersymmetry transformation laws based on the structure constants - which we review 
in the Appendix [Cl 



15 As explained in [34], this is the supersymmetric analogue of hs [00] which can be physically understood 
as the algebra of area-preserving diffeomorphisms of 2D hyperboloids. 
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5.2 On solutions with higher spin fields 

In the general sl(N\ N — 1) © sl(N\ N — 1) theory, the supersymmetry properties of solutions 
without higher-spin charges are thus identical as described earlier in Section 14.41 In the 
following, we will briefly present the supersymmetric solutions with non-zero higher spin 
fields that we studied earlier in Section H~6l for the s/(3|2) theory. 
We begin with the 'highest-weight' ansatz 

tJV-l N-2 \ 

Li - £L_! + £-W-l + E V -l V -r + UU o bdx + + r_cfaT + b~ l db, b = e pLo , 
s=2 r=l J 

(5.12) 

where we write 

N-l s N-2 r 

r- = E E +EE ^ v ^- ( 5 - 13 ) 

s=2 m=—s r=l m=—r 

Here we are interested in solutions of the form ( 15.121) which preserve some amount of su- 
persymmetry. Applying the constraints (15.71) in the x + direction, the higher-spin fields C_ s 
and V_J in (15.121) must vanish, upon which we can compute T_ rather simply. The various 
generators transform under the embedded gravitational si (2) as 

[L m , V r M] = (sm - r)vi% r , l^m, L { r s) ] = (sm - r)L^ +r . (5.14) 

Then, it is straightforward to show that for each multiplet in (15. 13)) . the various fields can 
be solved in terms of C and {/J>i s \ Explicitly, we have 

^ s ! 2m = s C m (-Cr^ s \ m = l,2,... S , (5.15) 
//£i = ^-3 = •••0-1+1 = 0, (5.16) 

and identically for the fields &l s \ Applying the same constraint equations in the x~ direction 
further kills off all fields, including £, except for f%Zi ■ Thus, the supersymmetric solution 
reads simply as 

T = [e p L x + UXJv) dx + + (e {N ~ 1)p ^:^L^:^ dx~ + L dp, (5.17) 

with a similar expression for the anti-chiral sector. We observe that no component fields 
of the entire set of multiplets h^ s > in (12. ip survive in a supersymmetric ansatz of the form 
( I5.12p . Apart from the highest-spin field this class of solutions is parametrized by 

the fields IA and U which satisfy the quantization condition ( I4.48p . Just like the £ = 
solutions embedded in osp{2\2) supergravity, in this case, we note that two real supercharges 
are preserved in each sector. 
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5.3 On holonomy conditions and conical defects solutions 

As discussed earlier, holonomy conditions play an important role in the study of sl(N)®sl(N) 
Chern-Simons theory In Section I4.5[ we have briefly studied the sZ(3[2) case, and it is 
straightforward to state some results for the general case of sl(N\N — 1). For global AdS$, 
the gauge connection shares identical eigenvalues as iL , and the eigenvalues of § T^dcj) are 
those of sl(N) and sl(N — 1). When exponentiated, the holonomy reads as 



e § T <t> d <t> 



iljVxJV 








Tl(AT-l)x(JV-l) 



(5.18) 



with the sign depending on whether N is odd or even. We note that (15. 18ft is, for any N, 
a linear combination of the identity and the u(l) generator. We take both the supermatrix 
identity and (I5.18P to be the defining conditions for a smooth holonomy. We also note that it 
is straightforward to show that, apart from unimportant normalization constants which can 
be absorbed via a field redefinition, imposing the holonomy condition on (I5.17P yields also 
(14.481) . which is also the ( ant i-) periodicity condition to be imposed on the Killing spinors. 

In the non-supersymmetric sl(N) Chern-Simons theory, there is an interesting class of 
solutions which has been argued to be conical defects (and surpluses) spacetimes [12] . They 
play a critical role in the holographic duality conjecture, and we would like to investigate 
if there are natural generalizations of them in the supersymmetric theory. First, we begin 
with a brief review of some elementary aspects of these solutions following [19] but in the 
context of sl(N\N - 1) © sl(N\N - 1) theory. 

Consider the ansatz 

'2JV-1 

£ 

k=l 



T = b~ 1 [ B k(ak,h) ) bdx + +L dp, f = -b[ B k(ck,d k ) ) b' 1 dx~ -L d Pl b = e pL \ 

(5.19) 




with 

[B k (x,y)]ij = x5 iik Sj,k+i - ySi,k+i5j,k- 

The constant matrices are linear combination of weight-one generators (i.e. T±i,U±i). 
They are diagonalizable with imaginary eigenvalues. The interesting solutions are found 
by imposing three essential conditions, namely (i)the metric induced by the connection is 
locally AdSa, (ii)the holonomy along the ^-direction is trivial and (iii)the stress-energy tensor 
is negative and bounded from below by its value for global AdS^. 

To conveniently list the equivalence classes of solutions, we can restrict the ansatz to 
consist of the following maximal commuting set as parametrized by Bk- 

For even N, k = 1, 3, . . . , 2N - 3. 

For odd N, k = 1, 3, . . . iV - 2, iV + 1, . . . , 2N - 2. (5.20) 
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with dk = bk = Ck = dk for all cases. Our choice is slightly different from the sl(N) © sl(N) 
theories considered in [HI] for the cases of odd N, due to the fact that we are now taking a 
supertrace instead of the ordinary matrix trace. Then, from (I5.19p . we find the line element 

ds 2 = dp 2 (e p + Ae- p ) 2 dt 2 + t-=- (e p -Ae- p ) 2 d<j) 2 , (5.21) 

str(Lp) v ' str(Lo) 



l AfJ iv-i-LfJ \ 

A = 2 E - E a ^-i = -i str ( r +) > ( 5 - 22 ) 

Vfe=i fc=i / 

where we have shifted p — > p + log(vA). Note that the negative sign in (15.221) is due to 
the supertrace convention. The metric is locally AdS^ and we can interpret the higher-spin 
fields as topological matter, with A capturing its global properties. Since 5(f) = 2n, one can 
compute the conical deficit 5 C of the spacetime (I5.2ip to be 



Further, the stress tensor for this class of solutions (in units of Iacls/G) can be expressed as 

M -- 



N(N-l) 

In the case of global AdS%, the gauge connection r + has identical eigenvalues as that of the 
complex generator iL , and a similarity transformation brings it to the form above, with 
A = istr(Ljj), yielding 5 C = 0, M = —k/2 expectedly. This yields an upper bound for A as 
set by global AdS^ (and thus lower bound for the mass M) for conical defect spacetimes 

< A < JV ' JV -". (5.24) 
16 

Using both the holonomy condition (15.181) and the trivial one, we can determine the set 
of parameters {a,/-} that defines this class of spacetime. As the simplest example, for the 
s/(3|2) © sZ(3|2) theory, the holonomy condition (I5.18P translates into requiring a\ to be an 
integer and a± to be a half-integer, whereas the trivial holonomy condition imposes both 
parameters to be integral. The valid interval (I5.24p reads as 

< a\ - a\ < -, (5.25) 

where the possible values of the 2A are thus just either 1/4 or 1/2. These Diophantine 
equations can be solved to show that for both cases, there are no solutions. Thus, analogous 
to the si (3) © si (3) case, the s/(3|2) © sZ(3|2) theory contains no conical defect spacetimes. 
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Let us move on to consider the s/(4|3) ©s/(4|3) theory for which the bound f )5.24p reads 

as 

0<«J + *-ai4 (5.26) 
with the holonomy conditions translating into solutions of trivariate Diophantine equations: 

(i) For the holonomy ( 15. 18ft . both a±, a 3 half- integers and as is integral, with all possible solu- 
tions taking the mass M = -§. There is an infinite set of solutions. An example for which 
it is easy to obtain a closed form is the subset defined by a% = a 3 = 2y + 1 which reduces to a 
Pell-like equation which we find to have the solution 8y = -4+2((3-2 v / 2) r + (3+2 v / 2) r ), r e 
Z+. 

(ii) For the trivial holonomy, all parameters are integral with the mass M = -§. There 
is also an infinite set of solutions. A rather simple example is the family of solutions defined 
by a x = a 5 ,a 3 = 1. 

Thus, the solution space is notably distinct from the sl{4) © s/(4) theory, where there are 
only three distinct solutions labelled by (ai,a 3 ) as follows: Q, ±) , (1, 0) and (1, 1). O ne can 
attribute the infinitely-degenerate spectrum in the case of the sZ(4|3) © s/(4|3) theory to the 
fact that A is the difference between two separate sets of a\ (see (I5.22p ) in this case as we are 
computing supertraces. But in the s/(4) © sl(4) case, A is simply the sum of all a\ and thus 
for any given finite mass, the degeneracy is finite. It is straightforward to carry out a similar 
analysis for other values of N. These solutions generically break all supersymmetries. It 
would be interesting to understand these solutions from the holographic CFT point of view, 
just as in the case of the si (4) theory in [19J. This would give us a clearer picture of their 
physical significance and interpretation. We leave these investigations to future work. 

6 Discussion 

In this paper, we have initiated a study of some interesting aspects of M = (2,2) higher- 
spin SUGRA that is defined on direct sum of two copies of finite-dimensional sl(N\N — 1) 
gauge algebras, using the case of = 3 as our prime example. We derive explicitly the 
supersymmetry transformation laws, and in particular, noted that global AdS^ preserves 
eight supercharges, the massless BTZ preserving four and the extremal BTZ preserving two. 
By performing an analytic continuation on N, we have also checked that this classification 
holds in the infinite-dimensional s/is[A] gauge algebra case. 

We have briefly discussed a class of supersymmetric solutions (preserving four super- 
charges) which are massless BTZ solutions carrying higher-spin fields (they are actually the 
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RG flow solutions of [25] carrying some U(l) charge). We have constructed a class of higher- 
spin black hole solutions which are natural generalizations of those in the sl(N) theories, and 
which, like the latter, establish a remarkable relation between the BTZ holonomy condition 
and integrability of higher-spin charges. Also, we find that there are infinitely many smooth 
conical defect solutions instead of a finite number of them in any particular sl(N\N — 1) 
theory for N > A. 

The consistency of some aspects of our computations was verified by checking that, 
upon truncating some of the gauge fields, we obtain ordinary SUGRA defined via Chern- 
Simons with osp(2\2) and osp(l\2) gauge algebras which are sub-superalgebras of sl(N\N — 
1). From a partial analysis of the asymptotic symmetry algebra, we recovered the M = 
2 superconformal algebra (for each chiral sector), and computed explicitly the Sugawara 
redefinition of the energy- momentum tensor. The u(l) field generates spectral flows of bulk 
solutions, and is quantized to ensure either the ^-periodicity of the Killing spinor or smooth 
holonomies. 

Let us end off by briefly indicating some suggestions for future work. Generally, it 
would be important to develop our understanding of the holographic duality by deriving in 
detail what aspects of the boundary CFT can be related to the physics in the bulk. For 
example, in the non-supersymmetric case, the free energy of the higher-spin black holes in 
hs[X] ©/is [A] Chern-Simons theory has been successfully reproduced from the dual CFT side 
in [33] and [45], relying on the fact that higher-spin corrections can be computed at high 
temperature from correlation functions of W— algebra currents. It would be interesting to 
see how this works out for the cases where the gauge algebra is s/is[A] © s/is[A]. 

Another natural avenue for further study is to investigate the properties, both from the 
bulk and boundary perspectives, of the higher-spin black holes and conical defect spacetimes 
discussed in Sections 131 and [5J For example, in the arena of higher-spin black hole thermo- 
dynamics, it was recently shown in [46]1j that the relation between integrability conditions 
and smooth holonomy condition can be understood fundamentally as arising from a care- 
ful computation of the on-shell Chern-Simons action. It may be interesting to re-visit this 
computation in the context of sl(N\N — 1) theories. 
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16 See also [47] for a clarifying discussion. 
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of completion of this work. 



A On the isomorphism s/(2|l) ~ osp(2\2) 

We begin by displaying the commutation relations for osp(2\2) as reviewed in the Appendix 
of [22]. Rf,i = 1,2 are the four fermionic generators; E,F,H generate the sl(2) while 
J12 = —J21 is the w(l) generator. 

i{R+, Rj} = Jij - 5n H, i{R;,Rj} = -2<5y F, i{Rf, Rf} = 2b i3 E. 
[H,R+] = R+, [F,R+]=Rr, [H,R~] = -Rr, [E,Rr]=R+, [F,Rr} = 0. 

[H,E} = 2E, [H,F} = -2F, [E,F}=H, [J^, R^] = 5 jk Rf - 5 ik Rf (A-l) 

We verify that this algebra is isomorphic to s/(2|l) via the following identifications between 
the generators of the latter (written in our choice of basis) and those in (1 A- 1 [) : 

H~2L 0l 

J12 ~ i&Jo, Q±i ~^(Rf + iRf) , g± 1 ~ ^= (Rf - iRf) , (A-2) 

We note from (1A-2I) that the matching between s/(2|l) and osp(2\2) involves changing the 

reality conditions of the generators Uq and Q+i. In our paper, the classification of solutions 

2 

based on the number of real supersymmetries preserved is performed after continuing Uq — > 
iUq and treating ■0,^5 as complex Grassmann variables. Although s/(2|l) and osp{2\2) are 
isomorphic algebras, at the level of representation, s/(2|l) and osp{2\2) are distinct. The 
latter admits only real representations whereas the former admits both real and complex 
ones. 



B Variations of the osp(2\2) gauge fields 

In Section I3~2"| we recovered the Af = 2 superconformal algebra by considering the variations 
of the fields <p + ,(p + ,£ and U under a gauge transformation that preserves the form of the 
highest-weight ansatz. Although we do not need the full expressions for these variations in 
our computation, we collect them here for completeness and verification. 
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128 V ; 288^ 



4 + 



W T 
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^ +c+ r ++ 7!^ + i2^ 



(B-3) 



(B-4) 



where the superscripted primes refer to derivatives with respect to (p. 



C Structure constants 

Following Racah [M], introduce a basis as follows, where Eij refers to a matrix with unity 
in the i th row and j th column (our convention for the even-graded generators differs slightly 
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from but is presented in full here for clarity) 
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The structure constants read 
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2 2 2 

The above formulae are used in explicit computations in the sZ(3|2) Chern-Simons theory in 

f s s' s" 

Section HI Please note that < )■ are the Wigner 6j symbols, while C^'^' m „ denote 

\ a b c 

Clebsch-Gordan coefficients. 
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